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Exercise 12.1. Let E € C'(R?) and A € R be such that the function E(x) — 5||z||? is convex. Show
that a C! function w; is a solution of dyu; = —VE(u;) if and only if the evolutionary variational
inequality (EVI)

1d A
5l = ol + Sl — ol + Bwe) < B(v) 1)
holds for any v € R<.
Suppose now that we have two curves u; and vy satisfying dyus = —VE(u). Prove that, if we

define d(t) = |lus — v¢||?, then
d(t) < d(0)e .

In particular, if A > 0 and wy is the unique minimizer of E, then |ju; — wol|? < 2(|Juo||? + |Jwo||?)e™.

Exercise 12.2. Recall the Benamou-Brenier formula: given two probability measures g, 1 € Po(R?),
then it holds that

1
W22(M07,Uf1) = inf {/ /d |’Ut‘2dpt dt : atpt + diV(’Utpt) = O,po = o, P1 = Ml} .
0 JR

Suppose that p; for ¢t € [0,1] is a curve attaining the minimum, and suppose that i = (X;)xpo, for
some smooth vector field X;. Prove that X; = 0 pg-a.e. for a.e. t € (0,1).

Exercise 12.3. Let pug = poL% 1 = p?? € P(TY) be two probability measures on the d-
dimensional torus such that pg,p1 > ¢ > 0 everywhere. Let u : T¢ — R be a solution of the
Poisson equation —Au = p; — pg. Show that

Walpo, 1) < ¢ 2| Vul| 2.

Hint: Use the Benamou-Brenier formula, which is valid also on the torus.

Exercise 12.4. Let U : [0,00) — R be a convex function with U(0) = 0 such that the energy
functional . (p) 1= [pa U(p)dx is Wa-convex. Prove that the function (0,00) 3 s — U(1/s%)s? is

non-increasing and convex.



